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Abstract-Heat transfer and fluid flow over in-line bundles of cylinders have been numerically simulated. 
Flow is assurned as incompressible, two-dimensional and laminar. Analysis has been carried out for 
Reynolds mnnbers of 50, 100, 150 and pitch to diameter ratios (PDR) of 1.5 and 2.0 with a Prandtl number 
of 0.71. The effect of Richardson number (Ri = Cr/Rc?) on the flow and heat transfer has been investigated 
for Ri = - 1.0, -0.5, 0.0, +0.5 and + 1 .O. Streamlines, temperature contours, average Nusselt numbers, 
average friction coefficients and pressure distribution around the cylinders are presented. It is observed 
that there is a considerable effect of buoyancy over tube bundles. 0 1998 Published by Elsevier Science 

Ltd. All rights reserved. 

1. INTRODUCTION 

The problem of mixed convective heat transfer from 
tube bundles has received considerable attention in 
view of its fundamental nature and practical appli- 
cations in heat exschangers, electronic equipment 
cooling and solar thermal extraction systems. As a 
result, extensive experimental and theoretical works 
have been conducted on heat transfer from a single 
cylinder in the past [IA]. Ho et al. [5] have made a 
numerical study on the buoyancy-aided steady con- 
vection heat transfer from a horizontal cylinder situ- 
ated in a vertical adiabatic duct. The phenomenon of 
vortex shedding from a heated/cooled circular cyl- 
inder has been inve::tigated in the mixed convection 
regimes by Keun-shik Chang and Jong-youb Sa [6]. 

Forced convection over tube bundles has been stud- 
ied widely and a few are summarized below. Exper- 
imental data on flow and heat transfer characteristics 
for various arrangements of in-line bundles of cyl- 
inders have been presented by Zukauskas et al. [7]. 
The rapid developmlent of computers has resulted in 
the use of numerical simulation for the solution of 
heat and momentum transfer problems in tubular heat 
exchangers. Ishihara and Bell [S] obtained the friction 
coefficients of tube bundles upto a Reynolds number 
of 100. Fujii et al. [9] have studied a five row deep tube 
bank with pitch to diameter ratio of 1.5 for Reynolds 
numbers upto 300. The heat flux between the third 
and fourth row in a five row bundle of cylinders will 
approximately represent the heat flux between two 

adjacent inner rows of an infinite bundle of cylinders. 
Dhaubhadel et al. [lo] have studied flow across in- 
line bundles of cylinders with pitch to diameter ratios 
of 1.25, 1.5 and 1.8. Reynolds number range studied 
is from 100 to 600 and Prandtl number is taken as 0.7. 
Yeon Chang et al. [l I] developed a numerical scheme 
to predict the heat transfer and pressure drop 
coefficients for flow past rigid tube bundles for pitch 
to diameter ratios of 1.5 and 2.0 and Reynolds number 
upto 1000. 

At these low Reynolds numbers, buoyancy has a 
significant influence on the flow over tube bundles. In 
the above cited literature, the authors have neglected 
the effect of buoyancy on the Aow and heat transfer. 
Also, the problem of mixed convection over tube 
bundle has not been reported so far. 

In the present study, a finite element approach has 
been employed to solve the two-dimensional Navier- 
Stokes equations along with energy equation, for 
laminar flow of an incompressible fluid past an in-line 
bundle of cylinders having pitch to diameter ratios of 
1.5 and 2.0 with Reynolds number of 50, 100 and 150. 
Richardson numbers of - 1.0, -0.5, 0.0, 0.5 and 1.0 
are considered for the study. 

Solution procedure 
The solution algorithm employed in the present 

study is an Eulerian velocity correction method [12, 
131. In this method, the solution is advanced in three 
steps within each time step. The three steps involved 
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NOMENCLATURE 

specific heat 
diameter of the cylinder 
vortex shedding frequency 
gravitational acceleration 
Grashof number (j?g( T, - T,,) D’/v*) 
thermal conductivity 
Nusselt number @D/K) 
non-dimensional pressure (p/p U&) 
Peclet number (Re Pr) 
Prandtl number (&,/K) 
Reynolds number (U,, D/v) 
Richardson number (Gr/Re*) 
Strouhal number (h. D/U) 
temperature 

V non-dimensional normal velocity 
(+Jav) 

x non-dimensional axial coordinates 
(x/D) 

Y non-dimensional normal coordinates 
(Y/D). 

Greek symbols 
0 non-dimensional temperature 

(T- T,J/(Tw- T,J 
V dynamic viscosity 
P density 
z non-dimensional time (D/U,,) . 

inlet temperature 
cylinder surface temperature 
average velocity at minimum cross 
sectional area 
non-dimensional axial velocity (u/U,J 

Subscripts 
av average 
in free-stream condition 
W wall. 

are the calculation of pseudo velocities, evaluation of 
pressure from Poisson equation and the correction of 
pseudo velocities to obtain correct velocities at the 
next time step. Since the velocities are dependent on 
temperature, the momentum and energy equations are 
solved as coupled equations. 

2. MATHEMATICAL MODEL 

For two-dimensional flow of an incompressible 
fluid with negligible viscous dissipation, the non- 
dimensional form of Navier-Stokes equations and 
energy equation can be written as 

Finite element discretization andproblem statement 
The finite element spatial discretization is per- 

formed using linear triangular elements. Galerkin 
weighted residual technique is used to formulate the 
problem. The details of the shape (interpolation) func- 
tions used for the variables are available in Segerlind 
1141. 

In order to validate the code, flow over a single 
cylinder for Re = 100 and Pr = 0.7 is investigated for 
the case of Ri = 0.0. The average Nusselt numbers 
and Strouhal number are found to be in good agree- 
ment with the earlier investigations as shown in 
Table 1. 

Contmmty : $f + E = 0 (1) 

Momentum : 

= -g+k(z+f$!)+Ri0 (2) 

Table 1. 

Classification 

Experimental 

Numerical 

Contributors Nu St 

Eckert and Soehngen (1952) 5.23 
Tritton (1959) 0.157 
Berger (1965) 0.155 

Jordan and Fromm (1972) 0.16 
Jain and Goel (1976) 5.63 0.15 
Keun-Shik Chang er al. (1990) 5.23 0.155 
Present 5.39 0.151 
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Energy : 

(4) 

In the above eqnations velocities are made dimen- 
sionless using the average velocity U,, at the minimum 
cross sectional area and the coordinates by using the 
tube diameter D. Reynolds number Re is based on the 
minimum flow area and U,,. 

Boundary and initiar’ conditions 
The boundary and initial conditions for the vari- 

ables are as follows. 
Boundary conditions : 

Cylinder surface : No slip (U = V = 0.0) and 0 = 1.0 
Axis of symmetry : V = 0.0 
Inlet : uniform flow and 0 = 0.0 
Exit : pressure boundary condition, P = 0. 

Initial conditions : 

Atz=O: U=O, V=O,P=Oand@=O.O. 

The flow geometry for a five row deep tube bundle 
is shown in Fig. 1. Owing to symmetry, the region 
between the broken lines is used as the computational 
domain. 

Grid independence test 
The following three types of mesh are considered 

for the grid sensitivity analysis. 
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Fig. 1. Flow geometry. 
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Fig. 2. Comparison of local Nusselt numbers. 

(A) 1727 nodes ; 3072 elements 
(B) 2539 nodes ; 4608 elements 
(C) 2945 nodes ; 5376 elements 

In the present computations a grid with 2539 nodes 
and 4608 elements has been found to be sufficient 
for the analysis. The computational results show a 
maximum difference of about 1.5% in the local and 
average Nusselt numbers between grids of type B and 
C. The B type mesh has been chosen since the results 
predicted from this mesh also agree well with the avail- 
able experimental and numerical results for the forced 
convection problem over in-line tube bundles. A typi- 
cal computed Nusselt number distribution in com- 
parison with results obtained by Dhaubhadel et al. 
[lo] is shown in Fig. 2. 

A steady state condition is assumed to have been 
reached, if the changes in velocity, pressure and 
temperature anywhere within the domain after two 
successive iterations are less than 0.0000 1. 

3. RESULTS AND DISCUSSIONS 

The main purpose of this paper is to study the effect 
of buoyancy on pressure drop and heat transfer. The 
flow geometry for a five row deep in-line bundle of 
cylinders is shown in Fig. 1. The boundary conditions 
are given as above. 

Streamlines 
Figure 3 shows streamlines for pitch to diameter 

ratio of 2.0, Reynolds number of 100 and for different 
Richardson numbers. 

Forced convection : It is observed that for a particular 
Reynolds number, separation and reattachment 
points are the same for all cylinders except for the last 
row. The recirculation region between the cylinders 
can be clearly seen in Fig. 3. The strength of the 
recirculation between cylinders is found to increase 
with increase in Reynolds number. The recirculating 
flow region on the leeward side of the cylinder 
becomes larger and thus the separation point moves 



Fig. 3. Streamlines and isotherms 

away from the rear stagnation point. The angle of 
separation/reattachment (measured from the front 
stagnation point) decrease/increase with increase in 
Reynolds number which is due to increase in the 
strength of recirculation. The length of recirculatory 
region increases behind the fifth row of cylinders with 
increase in Reynolds number. Similar trend is seen for 
pitch to diameter ratio of 2. 

Skin friction coefjcient 
The distribution of local friction coefficient is 

defined by 

Buoyancy aided convection : The effect of buoyancy 
aiding force on the flow pattern is also examined in 
Fig. 3. The cases of Ri = 0.5 and Ri = 1.0 refer to 
the buoyancy aided convective situation. It can be 
noticed, that Reynolds number, PDR and the position 
of the cylinder in the bank have a marked influence 
on the size of the recirculatory region. When com- 
pared with the case of pure forced convection 
(Ri = O.O), one can see that the aiding buoyancy force 
diminishes the wake region on the rear side of the 
cylinders and thus the separation point is shifted 
downstream. Above a certain threshold value of Ri, 
no separation occurs. As Ri increases from 0.5 to 1.0, 
recirculatory regions either vanish or they become 
very small in size. In general, the influence of assisting 
buoyancy force on the flow pattern for PDR = 2.0 is 
more than that for PDR = 1.5. 

The average friction coefficient is given by 

Figure 4(a) and (b) show the variation of average 
friction coefficient with Richardson number for pitch 
to diameter ratio of 1.5 and 2.0, respectively. Friction 
coefficient increases with increase in Richardson num- 
ber for all the Reynolds numbers considered. In the 
opposing case, it is found that the average friction 
coefficient increasing as we go from the 2nd row to 5th 
row, whereas for the aiding case the trend is reversed. 
Similar behaviour is seen with increase in Reynolds 
number. Also it can be observed from the plots that, 
the difference in the values of average friction 
coefficients between the cylinders decreases with Rey- 
nolds number as well as PDR. 

Nusselt number 
Local Nusselt number is defined by 

Buoyancy opposed convection : Ri = - 0.5 and - 1 .O 
correspond to the case of buoyancy opposed convec- 
tion. The size of the recirculatory zone is again depen- 
dent on PDR, Reynolds number and the position of 
the cylinder in the bank. Compared to the case of T,-TT,, 
pure forced convection (Ri = 0), one can see that the Nu(6) = ae 
opposing buoyancy force has increased the strength 

T, - Tb ar ,=R 

of the recirculatorv region between the cvlinders. It 2 ” ~. The average Nusselt number is given by 
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can be seen that the strength of the recirculatory eddy 
between the cylinders is decreasing with the increasing 
number of rows. The flow behind the fifth row results 
in a much bigger recirculatory zone with increasing 
Re. It can also be seen that Ri affects the size of the 
recirculatory region between the cylinders. Since the 
flow is opposing and the size of the recirculatory zone 
increases and the separation points move towards the 
leeward side. On the contrary, the reattachment points 
move towards the aft. This trend can be noticed for 
both the pitch to diameter ratios considered. 

Isotherms 
The isotherms shown in Fig. 3 are crowded over the 

entire front half of the first row indicating a high radial 
heat flux. This is understandable since the thermal 
boundary layer growth begins from the first row. Over 
the other rows, low velocity recirculating flow inter- 
acts with part of the front half. It is also seen from the 
plots that there is crowding of isotherms only over 
those portions where the flow has not separated. The 
isotherms are qualitatively similar for different 
Richardson numbers. With the increase in PDR to 
2.0, more crowding of isotherms can be seen in all 
the rows of cylinders when compared to PDR = 1.5. 
Similar trends can be seen even with increase in Rey- 
nolds number. 
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Fig. 4. (a) Variation of average friction coefficients. PDR = 1.5. (b) Variation of average friction 
coefficients. PDR = 2.0. 
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Figure 5(a) and (b) show the variation of average 
Nusselt number with Richardson number, for pitch 
to diameter ratio of 1.5 and 2.0, respectively. Average 
Nusselt number increases rapidly with increase in 
Richardson number over the first row of cylinders. 
Over rest of the rows, there is a marginal change with 
increase in Ri. Also it is observed from the plots that 
the average Nusselt number over the fifth row of cyl- 
inders is more than that of the rest of the cylinders. 
The difference in the average values of the Nusselt 
number between the last row and rest of the row of 
cylinders is found: to increase with the increase in 
Reynolds number, with an exception for first row of 
cylinders. In the case of PDR = 2.0 the variation of 
average Nusselt number with Ri from second row 
onwards is only marginal. Also the average Nusselt 
number over all tlhe rows of cylinders is lower than 
that of PDR = l.!I. Similar trend has been observed 
by Dhaubhadel el al. for Ri = 0.0. Figure 5(c) also 
shows the effect of buoyancy on the averaged Nusselt 
number for different pitch to diameter ratios. 

Pressure coefJicien t 
The pressure coefficient is defined by 

P-P, 
c, = - 

$J: (9) 

Figure 6(a) and (b) show the pressure distribution 
along CD of the computational domain for 
PDR = 1.5 and 2.0, respectively. The pressure dis- 

tribution over the first row for Ri = 0.0 is almost 
identical with a single cylinder case. From the second 
row onwards, the pressure drop from one row to the 
next is almost the same which is consistent with the 
flow field described earlier. Till the boundary layer 
separation on the first row of cylinders, the pressure 
coefficient is independent of Ri. The pressure drop is 
increased with a decrease in Ri and is maximum at 
Ri = - 1.0. This is because the flow is opposed by 
the buoyancy. As Re is increased from 50 to 150 the 
pressure drop decreases and this is due to the fact that 
the inertial forces dominate over the buoyancy forces. 
Pressure recovery is observed due to the buoyancy 
force which is aiding the flow. This pressure recovery 
increases with the increase in Richardson number. For 
higher PDR, the pressure recovery and pressure drop 
are seen to be decreasing. 

4. CONCLUSIONS 

The effects of buoyancy on forced convection have 
been studied for an in-line tube bundle with pitch to 
diameter ratio of 1.5 and 2.0, Ri = - 1.0, -0.5, 0.0, 
+0.5, +l.O. Reynolds numbers of 50, 100 and 150 
are considered for the study. With an increase in Ri, 
the flow and heat transfer parameters behave differ- 
ently. Over the first row of cylinders, the average Nus- 
selt number is found to increase with Richardson 
number, whereas over the rest of the rows the change 
is only marginal. The average friction coefficient is 
found to increase with Ri for all the rows of cylinders. 
Pressure recovery is higher at higher Ri and the pres- 
sure drop is found to increase with a decrease in Ri. 



1618 Y. T. KRISHNE GOWDA et al. 

(a) In-line tube bank: PDR=I.5 (b) In-line tube bank: PDR=Z.tl 
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Fig. 5. (a) Variation of average Nusselt numbers. PDR = 1.5. (b) Variation of average Nusselt numbers. 
PDR = 2.0. (c) Effect of PDR, Reynolds number and Ri on average Nusselt numbers. 
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Fig. 6. (a) Pressure distribution around cylinders. PDR = 1.5. (b) Pressure distribution around cylinders. 
PDR = 2.0. 

These results prove that it is essential to consider the 
buoyancy effects a.lso during the forced convection 
analysis of flow over tube bundles. 
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